This work presents analytical formulas for the estimation of the electrostatic field in cylinder-plane and cylinder-cylinder electrode configurations. Assuming a predefined potential difference between the electrodes and given their geometrical characteristics, these could be useful for the solution of numerous problems involving such electrode sets. Moreover, the voltage distribution around the electrodes is defined by providing equations either for the equipotentials at a given voltage ratio, or the exact estimation of the potential at any point in the surrounding space. Simplified expressions for critical engineering parameters such as the peak electric field and the field enhancement factor are also given.
INTRODUCTION
The electric field strength and the potential distribution are the key design parameters in a great number of electrical engineering applications, especially in dimensioning high voltage equipment [1] [2] [3] . The experimental measurement of the electric strength or voltage in the space surrounding voltage application electrodes, is usually difficult and inaccurate, due to the interference of the measuring devices with the electric field. Obviously, the introduction of analytical formulas for the field or the potential, becomes of great importance, though difficult to achieve in most cases. For that reason, the application of computer-aided simulations, based on finite element analysis are nowadays mostly preferable in most cases [4] [5] [6] .
The aim of this study is the development of a mathematical model for the analytical calculation of the electric field strength and the potential distribution in wire -plane and parallel cylinder-cylinder electrode configurations of any dimensions. Such a mathematical model can be very useful in various real world applications, such as electrohydrodynamic (EHD) pump configurations, electrostatic precipitators, EHD dryers, electrostatic separators etc [5] , [7] [8] [9] [10] [11] [12] [13] . Similar studies may be found in bibliography [14] [15] [16] , nevertheless not providing full analytical solutions for the field strength, the potential distribution or the determination of the analytical equations of equipotentials all over the space surrounding the specific electrode sets under consideration. 
RESEARCH METHOD
It is known that the electric field distribution around two parallel cylindrical conductors of infinite length with identical cross-sections, can be calculated by assuming the presence of two equivalent line charges of opposite signs +q l and -q l , each placed within a conductor. Due to longitudinal symmetry, the solution of the problem can be minimized in two dimensions, since the electric field is only depending on the distance perpendicular to the conductors, thus remaining unchanged along the longitudinal dimension. This model can be extended to solve cylinder to plane and twin cylinder to cylinder system configurations. In the case of a cylinder to plane configuration, the grounded plane can be assumed the plane of symmetry formed between two identical cylindrical conductors. Then, according to the theory of image charges [14] , the problem can be solved by replacing the grounded plane with an equivalent negative image line charge -q placed eccentrically behind the plane, at equal distance to the positive line charge +q representing the cylindrical electrode, as shown in Figure 1 .
Assuming air environment, the field intensity due to the presence of line charges can be found using the principle of superposition (Equation 1).
where Z is a constant defined from boundary conditions. For equal line charges of opposite polarity representing a wire-plane configuration, the potential at the plane should be zero (plane is grounded), therefore Z = 0. On the other hand, in the case of twin cylindrical conductors, the plane of symmetry is at a voltage potential of V/2, where V is the voltage difference between the two electrodes. As such, the constant Z equals V/2.
The geometric parameters a and b can be easily found:
It can be noticed that the formation of equipotential lines in any case is a set of circles, ranging from a pair of circles with radius r, representing the equipotential surface of each cylindrical conductor, to a circle of infinite radius, practically representing a line which coincides with the plane of symmetry. The centre of those circles is always on the x axis. Therefore, the electric field intensity and the potential within the space surrounding the electrodes in the aforementioned configurations could be easily determined, provided the circle equations representing the equipotential lines are known. 
where P eq is a number that denotes different sets of equipotentials. Rearranging Equation 5 we get:
The above equation shows that all equipotential lines are in fact circles, with centres lying on the x axis. The abscissa of the centres of different equipotentials x 0 and the corresponding radius R may are given as follows:
Equations 7 and 8 can be also written as:
The above formulas define the centres and radii of equipotential lines provided the distance c between the plane of symmetry and the image line charges (Figure 1 ), as well as the magnitude q of the line charges, are both known.
The distance c can be easily found by considering the fact that the cylindrical conductor's surface is equipotential, thus satisfying equation 10 for R=r and x 0 =d+r. Accordingly, we get:
which defines c as a function of the already known geometrical parameters d and r ( Figure 1 ). Now the line charge magnitude q needs also to be defined. This may be done by using Equation 1 for the electric potential at suitable points, X 1 (d,0) and X 2 (-d,0) , on the surface of the cylindrical conductors of Figure 1 , where the potential is already known (V and -V respectively in the case of a wire-plane configuration where the grounded plane is equivalently substituted by the image charge -q located inside the image cylinder at the left side of figure 1 ). Substituting in Equation 1 for Z=0 we finally get: 
where:
Combining Equation 14 with Equation 12 and Equation 13 results to four possible equation combinations. By solving them, it can be found that only one case yields an acceptable solution:
Substituting Equation 4 in Equation 15
, we receive a solution for the charge q l in the case of a wirecylinder configuration, based only on known physical parameters.
Similar methodology can be applied for the determination of equipotentials in the case of two parallel cylindrical conductors (wire-wire configuration) with potential difference V. In this case we have that Z≠0 in Equation 1, so Equation 5 takes the following form:
Therefore, Equation 9 now becomes:
In either case, the number P eq serves to specify the position of each equipotential circle. If one conductor is grounded, then the number P eq defines the equipotential circle at potential V=P Equation If the cylindrical conductors are at different potential with constant difference V, but neither of them is grounded, then the number Peq defines the equipotential circle at potential V= P eq +V min where V min represents the lower potential between the two conductors. For P eq =V/2 the equipotential circle diminishes into a line positioned midway between the conductors (R→∞).
Equation 10 and 11 for R and c are still valid, while further calculations determine that Equation 16 for the estimation of q l becomes:
Electric Field Analysis 3.2.1. Cylinder-Plane Configuration
According to the analysis presented in the previous section and with reference to Figure 1 , the electric potential for a cylinder-plane electrode set, at any point with Cartesian coordinates (x,y), may be defined by combining Equation 1, Equation 2 and Equation 3 as follows:
where 
The corresponding electric field strength at point (x,y) is defined as the gradient of potential:
Combining
Assuming that y=0 and x=d, then we get the peak electric field of the geometry:
Expanding, the Field Enhancement Factor can be calculated by dividing the average electric field of the geometry (E avg =V/d) with the result of Equation 24. For inhomogeneous geometries that induce corona currents, the Field Enhancement Factor will always have a value lower than 1.
Cylinder-Plane Configuration
For a cylinder-cylinder configuration, Equation 20 takes the form:
The corresponding electric field strength is defined as:
RESULTS AND DISCUSSION
In order to verify the validity of the mathematical model, the results were compared to that derived via finite element analysis (FEA), which today is the most widely accepted computational method for solving similar problems. On that purpose, COMSOL Multiphysics 4.3b has been used. Specifically, the simulations have been performed using the electrostatics module. In order to minimize any end-effects, the simulations were performed within a square boundary box of 80 cm, with the cylindrical emitter facing a 60 cm wide plane collector. The maximum simulation distance between the electrodes is 5 cm and the emitter electrode is always at the exact centre of the boundary box. Table 1 displays the main software settings. Figure 2 displays the geometric representation of one of the FEA models that are being used to simulate the system.
To check the correlation between the results of the mathematical model and the FEA software output, three statistical functions are used. The first is the mean absolute percentage error (MAPE), described by Equation 28.
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where n is the number of data points, E sim is the simulated electric field strength and E eq is the calculated electric field strength using the mathematical model described in the previous sections. The third statistical function is the weighted MAPE, also known as the MAD/Mean ratio, which assumes that the absolute error of each item is equally important [15] . Therefore, due to the very large scale of the electric field intensity, weighted MAPE is greatly affected by any errors very close to the top of the scale. The weighted MAPE is described by Equation 30.
Multiple configurations of varying cylinder radius have been explored, as it can be seen from Table 1 , which displays the MAD between the developed mathematical model and the results of the FEA software across the gap between the cylinder-plane electrode pair. To verify the validity of the mathematical model, its results across other field lines were examined as well. Using the particle tracing module present in COMSOL Multiphysics, the trajectory of a particle leaving an emission angle φ (Figure 3 ) is recorded and the results across that trajectory are being compared to that derived using the mathematical model. This trajectory coincides with the field line for an emission angle φ, which is perpendicular to both the surface of the emitter and the plane of symmetry [18] .
Similarly as before, Tables 3 and 4 respectively display the MAD and the WMAPE between the presented mathematical model and the results of the FEA software across the field line for an emission angle of 30°. 
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The MAPE error of all configurations is deliberately omitted, as it was entirely insignificant for every configuration that has been tested. All of the calculated errors are minimal and caused by the computing capabilities of the software performing the calculations. For example, decreasing the solver's tolerance and or reducing the mesh element size in COMSOL Multiphysics increases the convergence between the mathematical model and the simulation results even further, yet at the substantial expense of computing time. In addition to the above, Microsoft Excel is being used for the calculation of the mathematical model. Using an arbitrary precision arithmetic calculator for the mathematical functions may increase the accuracy of the mathematical results even further, yet they will not coincide with the results of a FEA model perfectly, which are also limited by the capabilities of the software. As mentioned in the previous section of this paper, near the end of the equipotential modelling paragraph, valid P eq figures range from zero to V. Εach umber P eq describes a specific equipotential line, the electric potential of which is equal to P Equation Therefore, if the radius r of the emitter electrode, the distance d from the emitter electrode to the plane of symmetry and the potential V applied to the emitter electrode are all known, the exact formation of the equipotential lines is known as well. Figure 4 illustrates the formation of equipotential lines of a cylinder-plane configuration for V = 1 kV, d = 5 cm and r = 0.5 cm, with a P eq from 100 to 900, in steps of 100. These results were also successfully validated by comparing the output of the mathematical model to that of the FEA software as shown in Figure 5 .
CONCLUSION
This paper presented a mathematical model for the analytical calculation of the electric field and potential formed between cylinder-plane or parallel cylinder-cylinder configurations. Computer assisted simulations were used to verify the validity of the mathematical model, with excellent results, proving its accuracy. The developed mathematical model has numerous practical applications, small and large scale alike. It can be used to calculate the electric field surrounding wire-plane or parallel wire configurations of any dimensions. Such geometries are present in a variety of devices, from electrohydrodynamic pumps to electrostatic precipitators and ion generators. It also may be used to estimate the potential at any point in the space surrounding these configurations by finding the exact equipotential line that crosses that point. These parameters are quite important in engineering design, such as for proper calculation of insulation and safety measures.
